It is shown that any interacting spinor system in two dimensions can be equivalently described by the scalar system. The equivalency is complete in the sense that both theories have the common Hamiltonian. In the solvable case like the massless Thirring model, the scalar field version of the Hamiltonian is bilinear on the field variables. It becomes of the standard form of the free Hamiltonian by the suitable choice of the field variables. The spinor field version of the Hamiltonian also becomes of the standard form of the free Hamiltonian by the corresponding choice of the field variables. The canonical Hamiltonian in the spinor version does not necessarily satisfy the integrability condition. Then the use of the integrable Hamiltonian is the essential point in this paper. The vector-meson system is also describable by the scalar system. § I. Introduction
It is shown that any interacting spinor system in two dimensions can be equivalently described by the scalar system. The equivalency is complete in the sense that both theories have the common Hamiltonian. In the solvable case like the massless Thirring model, the scalar field version of the Hamiltonian is bilinear on the field variables. It becomes of the standard form of the free Hamiltonian by the suitable choice of the field variables. The spinor field version of the Hamiltonian also becomes of the standard form of the free Hamiltonian by the corresponding choice of the field variables. The canonical Hamiltonian in the spinor version does not necessarily satisfy the integrability condition. Then the use of the integrable Hamiltonian is the essential point in this paper. The vector-meson system is also describable by the scalar system. § I. Introduction Recently, quantum field theories of extended objects have been discussed in connection with the dynamics underlying "duality". Among various attempts in this direction the so-called soliton solutions in two-dimensional nonlinear field theories have interested us as instructive ones. In particular Colemann has shown that the quantized sine-Gordon system is equivalent to the charge-zero sector of the massive Thirring model and has conjectured that the quantum soliton of the sine-Gordon equation is the fermion of the massive Thirring model. After a while, the above conjecture has been justified by Mandelstam."> Then, the fermion system in the massive Thirring model can be equivalently described by the scalar field.
It is one of the most important characters of the theories that two theories, being apparently different from each other, are equivalent. Therefore how to recognize the equivalence character is a matter of consequence. At this point, we want to note the parallelism between (1·1)*> m the scalar system and (1· 2) *> x, (xo= -ix.) is the space (time) component of x". All the operator products in this paper are those of equal time except for (1·5). We omit to write xo=yo. in the spmor system, where
The commutation relation (1·1) is the canonical commutation relation, which has the classical correspondence. On the other hand (1· 2) is the commutation relation which does not have the classical correspondence.') It is not derivable without using the information· of the quantum theory. If we write ft explicitly, the righthand side of (1 · 2) is proportional to ft 2 • Therefore (1· 2) is the non-canonical commutation relation.
In a given quantum theory, the equal-time commutation relation is the most fundamental relation. Then, in the proof of the equivalence of the two theories, this parallelism between (1·1) and (1· 2) is expected to play a crucial role. Nevertheless, up to now, this parallelism has not been able to be positively taken into account, since one is unfamiliar with the quantum theory involving the noncanonical commutation relation like (1· 2).
Let us illustrate how to construct the quantum theory which involves the noncanonical commutation relation from the given classical theory. As an example we consider the massive Thirring model whose canonical interaction Hamiltonian is given by (1· 4) Because of the non-canonical commutation relation (1· 2), (1· 4) does not satisfy the integrability condition of the Tomonaga-Schwinger equation
where n (x) is the unit normal at the point x on the space-like surface o. This situation is not surprising since in the derivation of the canonical Hamiltonian (1· 4) there is no room to consider the non-canonical commutation relation (1· 2). The incorporation of (1· 2) is achieved 4 J by replacing the interaction Hamiltonian (1· 4) by the one which satisfies (1· 5). Once this is done, no formal calculation gives rise to any trouble. The quantum theory thus obtained can be compared to the quantum sine-Gordon system under the explicit incorporation of (1· 2). We discuss in § 2 a scalar field description of free fermions and in § 3 the equivalence of the massive Thirring model to the sine-Gordon model. The final section contains some further discussion. § 2. Massive free fermion field and equivalent sine-Gordon field
The theory of a massive free fermion is completely Lorentz covariant by itself, even if we take the non-canonical commutation relation (1· 2) into account. Hence all the results, for free fermion field, already obtained by several authors are valid also in our standpoint without modification. We summarize those results and use them for the operators in the interaction representation.
For this purpose, we first take up the sine-Gordon system which is described by the Hamiltonian
where r is an appropriate constant to subtract zero-point energy. The infinitesimal real parameter f in (2 ·1) is one of parameters necessary to give the rigorous definition of cos[2v/ncp(x)]. The discussion on this problem together with that of the normal product expression is relegated to Appendix A. Now, using the canonical commutation relation
we get
and
(2·4) y' 'Trf Although these are identical with the formal equations deduced from (2 ·1), special care is necessary for the derivation as is seen in Appendix A.
Following Mandelstam,"l we define
where an adiabatic cutoff eaz, is implied in the integration. Then, the cf;(x)'s obey the anti-commutation rules as is proved in Appendix B,
Taking the commutation relation between Hsa and the right-hand side of (2 · 5), we see that cf;(x) satisfies the free Dirac equation (see Appendix B) (r·IJ+m)cf;(x) =0.
This IS also derived from
with (2 · 6). Then we expect that (2 ·1) and (2 · 8) 
This means that the boson system (2 ·1) and the fermion system (2 · 8) are completely equivalent to each other and they have the common Hamiltonian. (2 ·1) is the scalar field expression of the Hamiltonian and (2 · 8) is the spinor field expression of the same Hamiltonian. Through (2 · 5), any quantities in the fermion system can be represented in terms of the quantities in the boson system. For example
The relations (2 ·10) and (2 ·11) realize the parallelism between (1·1) and (1· 2). All generators as well as the Hamiltonian (the generator of time translation) have two expressions; the one in the fermion system and the other in the boson system.
-j.(x).
For instance, the generator of the gauge transformation is Q =-if dx1
With the aid of (2·11) this is expressed by Q= -1/v'nfdx1o1rp(x) in the boson system. We can easily confirm that cjJ (x) has the correct transformation property even if we apply the latter expression of Q to the right-hand side of (2·5). § 3. The massive Thirring model As explained in § 1, we cannot adopt (1· 4) as the interaction Hamiltonian of the massive Thirring model. So we assume a form
and determine the parameters a and {3 so that (3 ·1) satisfies the integrability condition (1· 5). Substituting (3 ·1) into (1· 5) and using (1· 2) and the formula we obtain the condition Then the interaction Hamiltonian (3 ·1) has one free parameter, say (3. This parameter is the coupling constant in the quantum theory. The model is completely specified by (3. On the other hand, the classical theory is specified by g in (1· 4). Both the theories have no arbitrariness. However there arises an arbitrariness when we connect the quantum theory described by the Hamiltonian (3 ·1) with the classical theory described by the Hamiltonian (1· 4). Namely, even if the classical theory is given, the corresponding quantum theory is not unique. This arbitrariness is the one often taken up by several authors in connection with the definition of currents. 4 l Now, using (2 · 3), (2 ·10) and (2 ·11) we rewrite the interaction Hamiltonian (3 ·1) by the variables of the boson system:
The total Hamiltonian, in the interaction representation, of the corresponding boson system is given by the sum of (2 ·1) and (3 · 4) . Since the total Hamiltonian in the Heisenberg representation has the same form as that in the interaction representation, we have
Then the Heisenberg equations are
The Lorentz covariance of (3 · 8) is obvious because of the integrability condition (3 · 3). If we adopt (1· 4) as the interaction Hamiltonian, that is, if we take a=(3=g in (3·1), (3·8) is not a covariant equation. From (2·2) and (3·6) we find
This tells us the necessity of the rescaling of (jJ (x),
This is the equation which is compared to the earlier works.
Let us compare (3 -11) with Coleman's result.!) He has specified the quantized Thirring model by the classical coupling constant g. As we have mentioned before, the connection between the classical theory and the quantum theory is not unique. Usually this connection is prescribed through the definition of the conserved current. Coleman has used the Schwinger current, where the relations between a, /3 and g are 4 ) a=
This is exactly Coleman's resultY
Next we study the Hamiltonian. In the derivation of (3 ·18), the use of (3 · 3) is again essential. § 4. Discussion
In the previous section we have shown that the massive Thirring model and the sine-Gordon model are equivalent to each other. This proof has been clone in the interaction representation. The use of the interaction representation itself is only a matter of convenience. The point in this paper is that we have used the Hamiltonian, which satisfies the integrability condition of the Tomonaga-Schwinger equation, instead of the canonical Hamiltonian.
In general the canonical Hamiltonian in a given system does not necessarily satisfy the integrability condition. A simple example is (1· 4) in the Thirring model. Nevertheless we know the recipe, which we call Feynman rules, for obtaining the quantum-mechanical quantity from the canonical Hamiltonian. The breakdown of the integrability condition of the canonical Hamiltonian, however, brings ambiguities to the amplitude obtained by Feynman rules. 51 Usually we remove these ambiguities through the regularization procedure. Therefore so long as we examine the Feynman amplitude in the perturbation series, the regularization has the same effect 51 as the consideration of the integrability condition. In this case, however, the obtainable quantum result is only for the matrix element and that in the perturbation series. In order to make the quantum mechanical discussion possible at the level of the operator, the use of the integrable Hamiltonian is indispensable. This paper has clone this for the problem of the boson field description of the fermion in two dimensions. The existence of the closed form of the integrable Hamiltonian has made the demonstration easy. The importance of the integrability condition is not reduced even if we have no closed form of the integrable Hamiltonian. In the usual renormalizable case in four dimensions we can obtain the integrable Hamiltonian only in the perturbation series. 61 Even in such cases, the discussion based on the integrable Hamiltonian is superior to that based on the canonical Hamiltonian and the regularization. The former is the discussion at the level of the operator whereas the latter is that at the level of the matrix element.
Next we want to refer to the authenticity of the non-canonical non-commutativity (1· 2). There are some opinions that the right-hand side of (1· 2) depends on the treatments for the singularities of (/) (x) rfJ.<f; (x). However this is not the case as is easily confirmed by the direct evaluation of the commutator. A wellknown example is the Virasoro algebra in the string model, The last term in ( 4 ·1) is the non-canonical term caused by the same origin 71 as the right-hand side of (1· 2) and independent of the methods of the calculation.
Up to now, we have confined ourselves to the study of the vector-type interaction of the spinor field. However we can show that the same discussion holds for the other type of the interaction. For example, the interacting vector-spinor system and the scalar-spinor system with the Yukawa-type interaction are elucidated in Appendices D and E, respectively.
Finally we want to mention briefly the solvability of the massless Thirring model. For this purpose we begin with the discussion in the language of the scalar field. If we put m = 0 in (3 · 5) (the Hamiltonian of the massive Thirring model), (3 · 5) is bilinear on 11:'~' and (j). We can recast it into the standard free
Hamiltonian by the transformation of 11:'~' and (j) generated by U (3 ·16). Next we perform exactly the same process in the language of the spinor field. Then,
IS recasted into
by the transformation of the field variables generated by
which is the spinor field version of U (3 -16 ). This statement is directly verified by the use of the relations ( 4· 5) and
In the proof of these one should be careful about the existence of the non-canonical term in (1· 2). For example,
does not hold. We also note that the transformation generated by U is not the point transformation in the spinor field whereas the same transformation is the point transformation in the scalar field as has been seen in (3 ·14) and (3 ·15).
The same argument for another solvable case, the vector-spinor system with the vector coupling, is presented at the end of Appendix D. In spite of the fact ( 4 · 3), the S-matrix of the massless Thirring model is not unity. 8 > This problem will be examined elsewhere.
First we define the annihilation operator a (k~> x 0 ) and the creation operator at (k~> x 0 ), having the usual commutation rules, by The limit f~o should be always taken at the end of the calculations. (A· 8) depends on not only the value of f1 but also the choice of the canonical variables. We have adopted the variables cp(x) and n 9 (x) in (2·1) to fix the latter dependence. Therefore, for example sin[2vn-mp'(x)J in (3·11) should be understood to be defined by (j)(X) and 1r"'(x) [not (j)
1 (x) and 1r,' (x)].
The Heisenberg equations (2 · 3) and (2 · 4) are derived by dropping the terms which vanish in the limit f~o. In that case it is sufficient to use the following behavior of the commutators in the limit [note that sin(2yncp) =0(f) as 1s seen in (A·13)]: In the same way,
Appendix B

Anti-commutation rules and equations of motion of <jJ(x) and (/) (x)
We use (A ·14) to prove the anti-commutation rules (2 · 6). Utilizing the formula 
The commutator in (B · 2) is evaluated by using the definitions (A· 5) ~(A· 8): where 'fj is an infinitesimal positive parameter and K(x1 -y1) is the function of order (x1 -y1) 2 at x 1 =y1• Therefore,
Similarly we have
Jy,
From (B·4) and (B·5),wefind {lf;1(x),<j01t(y)}=o(x1-y1). The remaining parts m (2 · 6) are verified in the same way.
The equation of motion of lf;(x) is
If we note the formula
valid when [8\A, A] is a c-number, it is easy to see that the first two terms in (B · 6) becomes -r/11tj;. Thus we get (2 · 7).
Appendix C
Proof of HF = Hsa
In our choice of the Dirac matrices,
From the definition (A·l4) of tj;(x), 
Substituting (B·5) into (C·4), we obtain ¢1t(y)a1¢1(x) =__j_
On the other hand, we have
for the normal ordering with respect to the fermion operators, where c is a finite constant. Using (C·5), (C·6) and (C·7) and taking the limit y,~x~, we obtain
Combining (C · 8) and (2 ·12) and adjusting the value of r in (2 ·1), we get (2·9).
Appendix D
Vector-spinor system
In this appendix we examine the system whose Lagrangian is given by *) In order to avoid the complication caused by a massless particle, we do not use the Lag· range multiplier formalism. 
1+JZ&z_= (1-({s_) (1+ 9 a__) = (1+ 94 ) (1-93 ).
Thus we find that the quantum-mechanical Hamiltonian (D ·11) contains three 
Here we have used the results of § 2 for the translation between the spinor and the scalar. To put Htotal in the standard form, we consider the transformation 
Appendix E
The Yukawa-type interaction
The interaction Hamiltonian is
where B is a pseudo-scalar field. Recalling (2 ·13) m the interaction representation, we get (E·2) 
